DIFFERENTIAL GEOMETRY OF A CERTAIN
> TYPE OF SURFACE IN S.*

BY
V. G. GROVE

1. INTRODUCTION

In this paper we shall study the sustaining surface of an orthogonal con-
jugate net immersed in a space of four dimensions . We set up a defining sys-
tem of partial differential equations. Associated with each point of the surface
is a unique plane containing all of the normals to the surface. We define cer-
tain unique normals and pairs of normals to the surface and characterize
them geometrically. For this purpose we study the sustaining surfaces of the
orthogonal projections of the given net on certain geometrically defined
spaces of three dimensions. We call these surfaces normal projection surfaces.
A normal determines a unique normal projection surface. Among the nor-
mal projection surfaces there are two, one possessing maximum total curva-
ture, the other minimum total curvature. The normals determining these par-
ticular projection surfaces are perpendicular. We have called them the prin-
ctpal normals. An analogue is given of the well known theorem that if a line
of curvature is a geodesic it is a plane curve.

Let the curves of the given orthogonal conjugate net N. be taken as the
parametric curves. The non-homogeneous cartesian coordinates (x1, x2, 23, %)
of the point x on the given surface S, will therefore satisfy the equations

(I) Xuy = A%y + bxv, Z XuyXy = 0.

We shall call the plane containing all of the normals to S; at x the normal
plane to S, at x. Select in the normal plane two perpendicular lines A and u
with direction cosines (A1, A, A3, Ng) and (u1, po, ps, pe) respectively. It follows
that the functions N and u satisfy the equations

> Ax, =0, > Az, =0, > uxy = 0, > ux, =0,
doar=1, Sour=1, > A =0.

We see readily that the functions x, \, u satisfy a system of differential equa-
tions of the form

(3) Xuu = QXy + va + Dl)\ + DZ#,
Xy = A%y + b2y,

Xypy = Y%y + 0%, + Dlll)\ + D‘Z’,#,
* Presented to the Society, September 13, 1935; received by the editors April 15, 1935.

(2)
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A = muxy + din,  pe = max, + A2\,
A, = mzx, + B, By = 2%y + Ba),
wherein
a = }E,/E, B=—3E,/G, Di=2 Aou, Di= 2 ptu,
a = 1E,/E, b = 1G./G,
v==1G/E, §=1G./G, Di'=2\aw, D=3 uxe,
m = —Dy/E, n = —D{"/G, m;= — D,/E, n, = — DJ’ /G,

(4)

and wherein
E=) x2, G=) xz.

The integrability conditions of system (3) are

L D, D,” L D, D’

iEv(E + C ) = D1, + B:2Ds, iE, (E + —.G—> = D3, + BiD;,
() " "

1 D, D, ’" ’" 1 D; D, ” ’"

iGu(E-i"? = Dlu+A2D2 y 2G“(E+ G = D2u+A1D1 ,
© G.(E./E + G./G) + E,(E,/E + G./G)

= 2(Eyy + Guu) + 4(D:1D{’" + D.D;’),

and
(7) Alv=Blu, A1+A2=0, Bl+Bz=0.

2. POWER SERIES EXPANSIONS FOR THE SURFACE

If we use the tangent lines to C, and to C, and the lines \ and u for the axes
of a local system of reference, we find that the coordinates of a point y with
general coordinates (y1, ¥s, ¥, ¥4) Will have local coordinates (£, &, &, £) de-
fined by the expression

Elxu szo

El/2 + GL/2

(8) y==x+ + &N + Lau.

Let y be a point on S, with curvilinear coordinates (#+Awu, v+Av),where
(u, v) are the curvilinear coordinates of x. The coordinates of y are of the form

9) Yy = %+ 2, A% + (2w Au? + 2x,,Aud0 + x,,A402) + - - -,

If use be made of (3), (8), and (9) we find that the local coordinates of y
are defined by the expressions
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£, = E'Y?[Au + }(eAu?® + 2aAulv + vAv2) + - - - ],
£ = G'2[Av + 1(BAu? + 2bAuAv + 5Av?) + - - - ],
£ = 3(D:1Au? + Dy"'Av?) + [(aD1 + Diu + A:D2)Au + 3aD1Au?Av
+ 36D;'Autv? + (3D;' + Dy, + ByD;)Aw3] + - - -,
£4 = 3(D:Au? + D{'Av?) + [(aD2 + Day + A1D1)Au + 3aD:Au?Av
+ 3bD;'Autrv? + (3D3’ + Dsy + BiDy)A®?] + - - - .

(10)

From (10) we find the following expansions in local coordinates:

1D 1 D}’ 1 Di. + AsD; — 2aD
Es - __1512 +_ 1 222 +._. 1 /2 IEI3
2 E 2 G 6 E3/2
1 aD, + BD{’ 1 oD{!’" + vD,
- i~ — ————— bl
2 EGlI2 2 GE1/2
1 Di + B.Dy — 25Dy .
+? Gt 824,
(1) 1D 1 D}’ 1 Dy + AD, — 2aD
=t Dpp L0 1 De A :
2 E 2 G 6 E3i2
1 aD, + BD{’ 1 bD{' + vD,
- - — ———— bl
2 EGS/2 2 GE1/2
1 D, + B.D:y' — 26D, \
3 o gt

Equations (11) may be interpreted as follows. The first of equations (11)
and £, =0 are the equations of the sustaining surface of the orthogonal pro-
jection of the given net on to the S; determined by the tangent plane and
the normal A. A similar statement holds for the second of (11) and £=0. We
shall call these surfaces the normal projection surfaces of S. determined by \
and by p respectively, and shall denote them by S, and S, respectively.

From (11) we find that the principal radii of normal curvature of S are

E G

(12) R, = o R!' = Ik

and the principal radii of normal curvature of S, are

E ., G
(13) Rg = 5‘27 R2 = ”,,'

The total curvature of S\ and S, are respectively
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(14) K= D;lg’, Ky = D;Dél,

and the mean curvatures are respectively

(15) M|=&+D{,: M2=22 D—2”
E G E G

From (6) we observe that the sum of the total curvatures of the normal projec-
tion surfaces determined by perpendicular normals is a constant at a point of the
surface.

3. A CANONICAL FORM OF THE DEFINING DIFFERENTIAL EQUATIONS

Let us now make the transformation

A = A\ + Bg,
(16) _
uw=— BN+ Az, A*+ B*=1,

on system (3). The transformation (16) is equivalent to a rotation of axes in
the normal plane. Let the coefficients of the transformed differential equa-

tions be denoted by &, B, - - - . We find that these new coefficients are given
by the following formulas:
a=a B=08, d=a, b=0  5=4, d=0,
D, = AD, — BD,, D}’ = AD{’ — BD/’,
D: = BD, + AD,, D!’ = BD{' + ADJ’,
a7 My = Amy — Bms., Mg = Bmy + Ams.,
#iy, = An, — Bn,, fig = Bn; + An,,

Zl = A1 + AuB - ABu, F[ = B1 +A,,B - AB,,,
Zz=A2+ABu—AuB, F2=Bz+AB”—AvB.

The total curvature K, of the surface of normal projection Ss is deter-
mined by the expression

EGK, = (AD, — BD,)(AD{’ — BD{").

This surface has maximum or minimum total curvature if and only if 4 and B
satisfy the quadratic equation

(18) LA? — 2MAB — LB* = 0,

wherein

(19) L=DD{'+D{'D,, M =DD{ — D,D{".
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Since the product of the roots of (18) as a quadratic in 4/B is minus
one, the two normals determined by these roots are perpendicular. We shall
call these normals the principal normals of S. at x, and the normal projection
surfaces determined by the principal normals, the principal normal projec-
tion surfaces. We may state our results in the following form: Through the
point x there exist two normals with the property that the normal projection sur-
faces determined by them have maximum and minimum total curvatures.

Let us suppose that the transformation (16) with values of 4 and B de-
termined by (18) has been effected on the system (3). The resulting differen-
tial equations assume a canonical form in which

(20) { =D, Di' = —ID,,

that is, a form for which L=0. For this form the normals X\ and u are the
principal normals.
From (20) we observe that if one of the principal normal surfaces is iso-
thermic, the other has the same property.
4. OTHER UNIQUE NORMALS

The general coordinates of the principal centers of normal curvature of
the surface of normal projection Sx determined by

N = A\ — Bu
are
E(AN — Bu) G(AN — By)

21 %+ o4 ——t T
(21) AD, — BD, AD!' — BD{’

The local coordinates of these points are

2) B=0, f=0 f=—F | -___5E |
AD, — BD, AD, — BD,

and

23) B=0 f=0 f=—="0 _ o___ 5%
AD{' — BD;’ AD{' — BDj'

respectively.

The locus of the centers of principal normal curvature for all normal projec-
tion surfaces are therefore straight lines.
The equations of these lines are

&L =0, & =0, D\t + Doty = E,
& =0, & =0, D{'t; 4+ D't =G.

(24)
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We shall call these lines tke ceniral lines of S, at x. The central lines of S, at x
are orthogonal if and only if

(25) D]DI” + DgDz” = 0.

Hence the ceniral lines are perpendicular if and only if the total curvatures of
the normal projection surfaces in two perpendicular directions differ only in sign.
Moreover from the integrability condition (6) we observe that if the total
curvatures of the normal projection surfaces of a surface sustaining an orthogonal
conjugate net in perpendicular directions differ only in sign, all such normal
projection surfaces have the same property.

The tangent plane to S at x and the osculating plane to the curve C, at x
determine a space of three dimensions. This space intersects the normal plane
in a line with direction cosines proportional to

(26) D\ + Dyp.

A similar statement holds for the curve C, and the line through x with direc-
tion cosines proportional to

(27) D'\ + D{' .

We shall call the lines through x and with directions defined by (26) and (27)
the intersector normals of the curves C, and C, respectively. We see readily
that the intersector normals are perpendicular if and only if the central lines

are perpendicular.
If we défine a geodesic as an extremal curve of the integral

f(Eu"~’ + Gv'?)'/3dt, w = du/dt, v = dv/dt,

we find that the differential equation of the geodesics on S is
(28) w'y — 'y = y12'3 — (6 — 2a)u'v'? + (a — 2b)u'% — Bu’s.
Consider now the curve u =u(¢), v=v(f) on S,. We may show very readily
that the equations in local coordinates of the osculating plane of the curve are
G'%' (D' + D{'v'*)§, — EYV2'(Dww'* + D{' v}k + J& = 0,
GY2%/'(Dau’? + D3’ v'2)E, — EV2%/'(Das’2 + Dy’ v'?)E, + JE4 = 0,
wherein

J =4y — 'y — v0'3 + (6 — 2a)u'v"? — (@ — 2b)u'%’ + Bu’s.

Hence the osculating plane at the point of a curve on S, intersects the normal
plane to the surface at the point of the curve in a line if and only if the curve is a
geodesic.
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It follows that the curve C, is a geodesic if and only if E,=0, and C, is
a geodesic if and only if G,=0. Moreover from (6) we see that if the curves
of the given net are geodesics the central lines (and intersector normals) are per-
pendicular.

Suppose that in the system (3) the following condition is satisfied:
(29) A = D\Dj' — D,D{' =
If we make the transformation
5 = D\ + Dqu L D\ — Dy
(D + D#)2 : (D2 + Dz’)”z’

on system (3), we find that the system assumes the form
Xuu = QAXy + va + (Dl2 + D22)1/2X’

Fuy = @%y + bx,,
DDII + DzD” _
Xoy = 'qu+8xv +'—'1_'1_—3">‘;
(30) Df+ DA
R (D2 + D)1 [ DDy, — DDy,
Ay = — —————— o 4 + ]_7 u = 0
u E + 1 DE + D M 1z )
. D{’t4 DJ 2)1/2 Dy, — DD,
xv=_'(l'—2)‘_xv+|i31+—D—l_'_2_—’L]ﬁ, g, = 0.
G D¢ + D2

But if use be made of (29) and the integrability conditions (5), we may readily
show that the coefficients of @ in (30) vanish. It follows therefore that a
necessary and sufficient condition that S, be immersed in a space of three dimen-
sions is that

A =DD{' — D;D{’ =

Or we may say that a necessary and sufficient condition that the surface S:
be immersed in a space of three dimensions is that the intersector normals coin-
cide or that the central lines be parallel.

From (17) and (15) we note that the surface of normal projection S5 de-
fined by (16) is a minimal surface if and only if

(31) M, =D,/E+ D{'"/G = AM, — BM,.

It follows therefore that if two surfaces of normal projection taken in perpendic-
ular directions are both minimal surfaces, all surfaces of normal projection are
minimal, and moreover the surface is a minimal surface immersed in a space of
three dimensions. If not both of M, and M, are zero, there exists just one normal
to the surface at x which determines a minimal surface of normal projection.
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The central lines are parallel if and only if (29) holds. Hence if the sur-
face is not immersed in a space of three dimensions the central lines intersect
in a point. This point and the point ¥ determine a unique normal which de-
termines a surface of normal projection which has the point x as an umbilical
point.

Again from (17) we sce that there exist exactly two surfaces of normal pro-
jection which are developables. The normals determining these developable sur-
faces have direction cosines proportional to

(32) Do\ + Dy,

wherein D, and D, are the coeflicients of the canonical system defined by (20).
We shall call these normals the developable normals. The developable normals
are each perpendicular to one or the other of the intersector normals. The pair
of developable normals and the pair of intersector normals each make equal angles
with the principal normals, and hence are paired in involution with the principal
normals as double lines.

5. CONGRUENCES CONJUGATE TO THE GIVEN NET

A congruence is said to be conjugate to a given conjugate net if the de-
velopables of the congruence intersect the sustaining surface of the net in the
curves of the net. It is well known that if a line g generates a congruence G
conjugate to a net, any point vy on g generates a surface S, such that the
tangents to the curves on S, corresponding to the curves of the given net and
the tangents to the curves of the given net are coplanar.

Let us find the condition that the two-parameter family of lines generated
by N\ generate a congruence conjugate to N.. Let y be any point on . The
coordinates of y are defined by an expression of the form

v = x4+ Ad, d #0.
We find readily that
Yu = (1 + md)xy + du(y — %)/d + Apd,
¥o = (1 + nd)x, + do(y — x)/d + Bipd.
Hence the lines A form a congruence G conjugate to the given net if and
only if
(34) "11 = 0’ ]51 = O.

(33)

But from (7), we see if (34) is satisfied that 4,=0, B,=0. We see therefore
that if a given normal generates a congruence conjugate to the given orthogonal
conjugate net, the unique normal perpendicular to the given normal also generates
a congruence conjugate to the net.
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The normals X defined by (16) will generate a congruence conjugate to N,
if and only if
4, =A4,+ AB — AB, = 0,
(35) _1 1
B,=B,+A4,B— 4B, =0.

If we let

A = cos B = sin 6,
we find that (35) may be written in the form
(36) Ay — 0, =0, B, —#0,=0.
The integrability condition of system (36) is
(7 bis) A1y — B, = 0.

Hence (36) may be solved by a quadrature. Suppose the transformation (16)
with 4 and B determined by (36) has been effected on system (3). The result-
ing system will be of the same form as (3) with

37 A4, =0, B, =0, Ay =0, B, = 0.

The differential equations (3) characterized by (37) are left unchanged in
form by the transformation (16) with constant 4 and B. We may state our
results in the following form:

All congruences 2I conjugate® lo the given orthogonal conjugate net may be
found by quadratures. If each of the lines of a congruence conjugate to the given
net is rotated through the same constant angle in the normal plane at each point
x of S, the resulting two-parameter family of lines forms a congruence conjugate
to the net.

Let us suppose that S, is not immersed in a space of three dimensions.

From (3) we find that
(38) AN = Dz” Xuu — szvu + (‘YD2 - aDzl’)xu + (51)2 - BDZI’)xv)
Al-" = = Dl”xuu + Dlxvv + (aDl” - 'YDl)xu + (BDI’, - 6Dl)xv-

If we differentiate the first and last of (3) with respe¢t to # and » respectively,
and use (38) and (3), we find that the four functions x satisfy a system of
third-order differential equations of the form

(39) Xuuuy = Plxuu + ?lxvv + Pll Xy + ql, Xy,
Xovw = P2Xuu + q2%vo + P‘l’ %, + q'z' Yo,

wherein ¢; and p are defined by the expressions

* L. P. Eisenhart, Transformations of Surfaces, Princeton University Press, p. 168.
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Aqy = D1\Dyy, — DDy, + A1(DE + D2),

12 112

40 ’ ’
(40) Aps = D:'D,, — D;'Dy, + B\(D\"+ D,").

Two of the integrability conditions for the system composed of (39) and
the second of (3) are

(41) @192 + q1o + ¢ = aqy, p1p2 + pou + P2 = bpa.

It follows therefore that the curve C, is a plane curve if and only if ¢,=0,
A0, and the curve C, is a plane curve if and only if p,=0, A50.

Suppose both C, and C, are plane curves. We may write the conditions
¢1=0 and p,=0 in the following form:

] 2
— arctan — = — A4,,
ou Dl
(42)
a Dzll
6_ arctan —= - B,.
v 1
It follows from (7) that
9?2 D, Dy’
(43) arctan — — arctan — | = 0.
oudv D, D/’

Let the angle between the intersector normals be denoted by I. We may
readily verify that equation (43) may be written in the form

(44) I., = 0.

Suppose the congruence of normals A is conjugate to the given net, and
let C, be a plane curve. We may write the first of (42) in the form

I]u = 0,

where I, is the angle between the intersector normal and the normal \. Hence
the angle between the intersector normal of a plane curve of an orthogonal con-
jugate net and any line generating a congruence conjugalte to the net is a constant
for points on S, along the plane curve.

The intersector normal corresponding to the curve C, has direction cosines
X defined by expressions of the form

.X I)l)\ + Dzﬂ
T (D + D)2

We find readily that
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Xu _ _ (Dlzh + D#)2g, _ q1(Do\ — D) ,
E A(D2 + D2)¥?
(45) X = — (DiD{’ + D:D;')x,
G

+ [D2Dlv - DID21’ + Bz(Dl2 + Dzz)](sz b Dl/.(.).
(Dl2 + D22)3I2
This intersector normal is therefore conjugate to the given net if and only if
(46) ql = 0, Dlev _ Dlsz + Bz(Df + D22) = 0.
But if use be made of the integrability conditions (5) the second of (46) may
be written in the form
AE, = 0.

T he intersector normal of a curve of an orthogonal conjugate net on a surface
not immersed in a space of three dimensions generates a congruence conjugate
to the net if and only if the given curve is a plane curve and a geodesic on S..

If moreover the central lines are orthogonal the intersector normals of one curve
of the net are parallel as x moves along the other curve of the net.
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